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the cellular automaton finite difference (CAFD)

method
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A model is described of directional coupled two-phase composite growth in three
dimensions using a combined cellular automaton finite difference (CAFD) approach. The
modelling strategy and some preliminary results are presented here for the first time. The
model incorporates solute diffusion and a simple cellular automaton growth rule containing
a pseudo-curvature algorithm. Despite its limitations, the model is able to simulate some of
the structural effects that take place during coupled growth. As a demonstration application
the model is applied to eutectic growth in the Pb–Sn system and compared to experimental
measurements. The scale of predicted microstructures in the model is close to that
measured after directional freezing of Pb–Sn eutectic. C© 1998 Kluwer Academic Publishers

Nomenclature
a “curvature” constant (K m)
Ceut eutectic composition (wt %)
Csite composition at a given site (wt %)
D diffusion coefficient (m2 s−1)
1x individual element size (m)
G preset temperature gradient (K m−1)
λ interlamellar spacing (m)
mα,mβ liquidus slopes for Pb–Sn phase diagram

(K wt %−1)
n, φ CA rule integer constants (dimensionless)
nα, nβ total number ofα andβ solid neighbours,

respectively, at a given liquid position
Psite phase variable (dimensionless integer

flag, range 0–3)
radius (θ ) the radius of a hemisphere of volumeθ

(m)
Teut eutectic temperature (K)
Tsite temperature at a given site (K)
Tα calculated liquidus for Pb-richα-phase

solidification at a site (K)
Tβ calculated liquidus for Sn-richβ-phase

solidification at a site (K)
x length (m)

1. Introduction
This paper is concerned with attempting to numerically
simulate steady-state, directional, two-phase coupled
growth. The model is three-dimensional and combines
a finite difference model of solute diffusion with a cel-
lular automaton model that controls the growth of the
phases. Since only a limited number of types of coupled
growth exist in nature, the solidification of a eutectic al-
loy (Pb–Sn) has been chosen as a basis for comparison

with the model. In this situation a phase transformation
of the type, liquid→ solidα phase+ solidβ phase oc-
curs, where the solid phases grow in a coupled manner.
The progress of this transformation will be affected by
a variety of factors. The dominant factors are likely to
be growth rate and solute diffusion, although other fac-
tors, such as interface curvature and interphase surface
energy effects, will also play an important role.

In the case of solidification of a eutectic, the rate
at which heat is removed from the system will deter-
mine the rate at which the composite solid/liquid inter-
face is able to propagate into the liquid. However, for
coupled growth to occur, diffusion in the liquid ahead
of the two growing phases must also take place. Con-
trolled experimentation on the unidirectional steady-
state growth of eutectics [1–5] has shown how such
systems evolve under different conditions. In practice,
it is observed that eutectic microstructures are generally
finer at higher cooling rates (where there is less time for
diffusion to occur) and will coarsen if the cooling rate is
reduced.

Initial modelling work in this area consisted of the-
oretical studies of steady-state eutectic/eutectoid trans-
formations [6–8]. During the last decade, much effort
has been spent developing computer-based numerical
simulations of microstructural evolution during solid-
ification. Early stochastic growth models of solidifi-
cation focus on the idea of growing grains within the
liquid. Whether these grains are dendritic [9–11] or eu-
tectic [12–14] does not affect the modelling procedure
because only the overall grain structure is modelled
rather than the microstructural development within
grains. Various approaches have been used to model
the evolution during freezing of a eutectic structure.
Two-dimensional random walk models have been used
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to simulate the directional solidification of eutectics in
undercooled two-component systems [15, 16]. Three-
dimensional (3D) simulations of coupled growth have
also been reported using cellular automata techniques
[17, 18]. Probably the most sophisticated modelling
framework, the phase-field method, has recently been
used to model multiphase growth [19, 20] for both eu-
tectics and peritectics. In this paper an extension to
a cellular automaton finite difference (CAFD) model,
previously used to model alloy dendritic solidification
[21, 22], is used to simulate unidirectional composite
growth.

2. The model
The 3D model uses a regular cubic lattice of elements
where the situation at any given site is defined by
three variables, temperature, composition and phase.
The temperature and composition values represent real
quantities. The phase variable is an integer flag that de-
fines the element as being in one of the following four
situations.

• Liquid (no solid neighbours)Psite= 0
• Liquid (at least one solid nearest neighbour)

Psite= 1
• Solid (α phase)Psite= 2
• Solid (β phase)Psite= 3

As an example, the model is described below in terms
of the directional freezing of a Pb–Sn eutectic alloy. It
must be noted that no attempt is made to incorporate all
those factors known to affect the evolution of eutectic
microstructure such as interphase surface energies.

In the following simulations, complete insulation is
set as a boundary condition on the top and bottom faces
of the grid whereas periodic boundary conditions are
used on the other four sides. In addition, a constant
temperature gradient,G, is imposed on the grid with
the bottom plane of the grid initially set at the lowest
temperature. Temperatures increase from the bottom
of the grid upwards according to the fixed value ofG.
Site temperatures are racked down as a function of time
according to a preset cooling rate. No account is taken
of the latent heat of fusion.

The CA growth model is used to apply simple heuris-
tic rules to all sites on the computational grid. These
rules determine whether solidification of a particular
phase will occur at a given lattice site considering its
current local situation. As in previous dendritic CA
models a site solidifies only when the temperature of the
site falls below the equilibrium liquidus value (extrap-
olated) calculated from the composition of the element
and when there are sufficient nearest neighbour solid
sites to satisfy the CA growth rule. (Linear liquidus and
solidus lines for the Pb–Sn equilibrium phase diagram
are assumed.) A site solidifies with a composition of
the extrapolated equilibrium solidus value calculated
from the element temperature. Once each site on the
grid has been assessed by the CA model, any rejected
solute is redistributed from solidifying elements to the

surrounding liquid elements. This is done simultane-
ously for all elements. Solute is then allowed to diffuse
between elements using a standard FDM approach. Af-
ter a fixed number (φ) of these growth/diffusion steps,
the temperatures of all elements are racked down ac-
cording to the preset cooling rate. The whole process is
then repeated.

The CA algorithm defines the neighbourhood of an
element as the 26 elements closest to it. The FDM al-
gorithm only works with the six nearest neighbours to
any given element. Solute diffusion is modelled using a
straightforward implicit finite difference discretization
of the standard Fourier equation

dC

dt
= −D∇2C (1)

For comparison with experimental results a constant
diffusion coefficient ofD= 6.7 × 10−10 m2 s−1 was
used for solute diffusion in the liquid as proposed in
the original work [6]. A condition of no solid state dif-
fusion was assumed.

2.1. Initial conditions
Prior to running the model, an initial distribution of
solid sites (pseudonucleation sites) from which further
solidification can continue is generated. In this paper,
two cases were studied. In the first, the whole of the
lowest plane of elements is randomly set to solid. Any
given site has an equal probability of being set to ei-
ther α or β (i.e. Psite= 2 or 3). In the second case, a
small nucleus consisting of a 3× 3× 1-element plate
of α and a 3× 3× 1-element plate ofβ, sharing one
common 3× 1 face, are initially placed at the base
of the computational grid. In both cases, all remaining
sites are initially set to liquid. The temperature at the
base of the grid is initially set to the equilibrium eutec-
tic temperature. The temperatures of elements increase
from this position into the liquid according to the pre-
set value ofG. This promotes directional solidification
from the base of the grid upwards at a constant cooling
rate.

2.2. The CA growth rule
In the growth routine, the following simple rules deter-
mine the liquidus temperature, based on site composi-
tion and the current local neighbourhood, at or below
which growth of either solid phase will occur (eitherTα
orTβ). These calculations are performed in each growth
iteration for any elements withPsite= 1

if (nα > n) Tα = Teut−mα(Ceut− Csite)

− a

radius (nα ·1x3)
(2)

if (nβ > n) Tβ = Teut−mβ(Ceut− Csite)

− a

radius (nβ ·1x3)
(3)
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Having determined the relevant liquidus temperatures
for the site, a decision is made as to whether or not
solidification occurs according to the following rule

if (nα > nβ andTsite≤ Tα andnα > n)

thenPsite= 2 (4)

otherwise

if (Tsite≤ Tβ andnβ > n) thenPsite= 3 (5)

otherwise

if (Tsite≤ Tα andnα > n) thenPsite= 2 (6)

It can be seen from the CA rule above that the liquidus
value, at or below which freezing will occur at a site, is
governed by both the composition of the element and
a crude “curvature” effect. This curvature effect is ap-
plied in two ways. Firstly, sites cannot solidify unless
they have at least n solid elements in their local neigh-
bourhood. Secondly, the liquidus values calculated at
the site (Tα andTβ) are depressed according to the local
26-element neighbourhood via the “a/radius” term in
Equations 2 and 3. The scale of this depression due to
“curvature” decreasing as the number of “like” solid
neighbours increases.

Thus, the model incorporates growth restriction
for both phases arising from either solute rejection/
accumulation effects or empirically applied curvature
effects. These solute and simple curvature algorithms
constitute the very simple basis of the model and are
straightforward extensions to CA models used previ-
ously to simulate alloy dendritic growth. The position
of the solidifying front is monitored by the model as a
function of time permitting the rate of movement of the
simulated growing interface to be calculated. In com-
mon with most CA models, although the rules govern-
ing growth of either phase are relatively simple, the
resultant evolving structures can be surprisingly com-
plicated.

(The particular values of various constants used
in this work are:1x= 0.2 × 10−6 m, n= 4, φ= 5,
a= 10−4 K m, Teut= 456 K.)

3. Simulation results and observations
Fig. 1 shows the distance travelled by the moving in-
terface as a function of time for three different user-
defined cooling rates. In each case, a virtually constant
growth rate is observed and the rate of movement of
the advancing solid/liquid interface can be calculated.
The maximum temperature of the growing interface re-
mains virtually constant between 456.0 and 456.2 K
throughout the simulations.

Fig. 2 shows the results of a simulation carried out
on a 30× 100× 75 grid displayed from two different
perspectives. In this simulation the measured rate of
movement of the solid/liquid interface was calculated
to be 0.784× 10−6 m s−1. In the left of the picture
the bottom face of the grid is visible. On this bottom
face the random nucleation of both phases used as the

Figure 1 The distance moved by the solid/liquid interface versus time
for simulations with different preset cooling rates.

Figure 2 Two views of a simulation carried out on a 225, 000 element
grid, with a calculated rate of movement of solid/liquid interface of
0.784× 10−6 m s−1.

initial condition for the simulation is evident. The two
solid phases are shown in white and grey while the
liquid phase is not shown. The picture on the right is
the same simulation result but orientated so that the
growing solid–liquid interface is at the top.

A number of observations can be made. Firstly, a
sheet-type structure has formed from the initial ran-
dom nucleation on the bottom face over a relatively
short distance. Secondly, once established, this struc-
ture appears to continue growing with only minor mor-
phological changes taking place. In addition, the solid–
liquid interface is relatively flat with curvature present
for both phases. Because periodic boundary conditions
are applied to all side faces it is possible to join up
any number of these simulated structures side-by-side
to obtain a better overall appreciation of the simulation
result. Fig. 3 shows such a picture. In Fig. 3 the left-
hand side of the structure has had the top half removed
to reveal the lamellar-type structure at a cross-section
of the grid.

Fig. 4 shows the predicted structure on exactly the
same computational grid but this time using a faster
user-defined cooling rate. The rate of movement of
the solid–liquid interface was calculated as 0.389×
10−4 m s−1 in the simulation, two orders of magnitude
faster than the result in Figs 2 and 3. Comparing this to
Fig. 3 it can be seen that the overall microstructure is
finer for the faster cooling rate.
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Figure 3 Overall view of predicted microstructure (calculated rate of
movement of solid/liquid interface was 0.784× 10−6 m s−1). The left-
hand side of the structure has had top layers of elements stripped away
to reveal the morphology below the solid-liquid interface.

Figure 4 Overall view of predicted microstructure (calculated rate of
movement of solid/liquid interface was 0.389× 10−4 m s−1). The left-
hand side of the structure has had top layers of elements stripped away
to reveal the morphology below the solid-liquid interface.

The interphase spacings determined from simulated
microstructures using a lineal analysis post-processor
are compared to values measured by Mollard and
Flemings [5] for Pb–Sn alloys in Table I. Experimen-
tally measured values ofλ ranged from 1.0–7.55µm
over the whole range studied by Mollard and Flemings.
Considering the simplicity of the current CA model the
agreement in Table I is considered good.

Fig. 5 shows a composition map for the same re-
sults file shown in Fig. 2. The difference in composi-
tion between theα,β and liquid phases is clear as is the
relative uniformity of composition within each phase.

TABLE I Comparison of published and simulated lamellar spacings

Experimental Calculated growth rate Calculatedλ values
measured growth rate [5] from simulations Measuredλ values [5] from simulations
(m s−1) (m s−1) (µm) (µm)

0.850× 10−6 0.784× 10−6 6.65, 5.50 3.842
0.300× 10−4 0.389× 10−4 1.10, 1.10, 1.05 0.974

Figure 5 Composition map (wt %) for simulation with calculated rate
of movement of solid/liquid interface of 0.784× 10−6 m s−1.

Similarly, the proportion ofα andβ phases at the end
of the simulations were close to those expected from
examination of the Pb–Sn phase diagram.

Although the predicted microstructures do not nec-
essarily resemble actual eutectic structures in the Pb–
Sn system, it is noteworthy that the length scales of
the simulated structures compare very favourably with
measured interlamellar spacings. In addition, it can be
seen that the sheet-like structure for the lower growth
rate (Figs 2 and 3) appears to have been replaced by a
structure consisting of islands of one phase surrounded
by the other phase in the higher growth rate simula-
tion (Fig. 4). This alteration in morphology can only be
attributed to the length scales over which diffusion of
solute can occur at the higher growth rates.

In the simulations described above the growing
structure has undergone a coarsening process from an
originally fine distribution of random nuclei. In two-
dimensional simulations of coupled growth, such coars-
ening effects are sometimes demonstrated. However, to
refine such a growing two-phase structure in a simula-
tion requires either:

• nucleation of one or both phases during growth; or
• a 3D model where refinement can occur by the

movement of “lamellar faults” [8].
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Figure 6 The evolution of simple lamellar faults and simultaneous spac-
ing refinement using a 50× 50× 100 grid.

Fig. 6 shows the results of a numerical experiment
to determine if the current CA model is capable of
refining the microstructural scale without recourse to
nucleation. Initially a single nucleus is placed at the
base of the grid comprising a 3×3×1 plate ofα-phase
adjacent to a 3× 3× 1 plate ofβ-phase. The sequence
of the evolving structure can be followed from left-to-
right and downwards in Fig. 6.

At first, a virtually flat interface is maintained be-
tween the two solid phases. However, after a short time
perturbations begin to form and what resemble fingers
of either phase begin to spiral around each other. These
fingers resemble the lamellar faults described to explain
coarsening/refining processes during coupled growth
[8]. The movement of these lamellar faults in Fig. 6 is
leading to a refinement of the interphase spacing.

4. Conclusions
It has been shown that a simple CA model is capable
of simulating some of the phenomena associated with
the directional growth of composites. From an initially
fine arrangement of random nuclei, the model quickly
coarsens to a composite structure that is able to grow in
a stable manner. As opposed to coarsening, the ability
of the model to refine itself in terms of microstruc-
tural length scales has also been demonstrated via a
lamellar-fault type of mechanism. Finally, as an exam-
ple, the model has been applied to the case of direc-
tional freezing of Pb–Sn eutectic. Although only solute
diffusion and a simple CA growth rule are incorpo-
rated into the model good results have been obtained in

comparison with some published interlamellar spacing
measurements. The model has demonstrated the con-
trolling effect of diffusion on the length scale of the
evolving microstructure.
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